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Final Exam
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Please use separate sheets for di�erent problems. Please answer all

questions on a single sheet. Give reasons to your answers. Please

provide the following data on eah sheet

‚ name, surname and your student number,

‚ number of your group,

‚ number of the orresponding problem and the series.

Eah problem is worth 10 marks and eah question is worth 5 marks.

To pass it neessary (but not su�ient) to sore at least 50% out of 6

questions.

Problem 1.

Let V “ linpp1, 1, 1, 1q, p1, 3,´3,´5q, p2, 3, 0,´1qq be a subspae of R
4.

a) �nd a basis A of the subspae V and the dimension of V ,

b) �nd oordinates of the vetor v “ p3, 5,´1,´3q P R
4
relative to the basis A.

Problem 2.

Let V Ă R
4
be a subspae given by the homogeneous system of linear equations

"

2x1 ` 7x2 ` 3x3 ` 5x4 “ 0

x1 ` 3x2 ` 2x3 ` x4 “ 0

a) �nd a basis A of the subspae V and the dimension of V ,

b) if v “ p2t,´t2, 2, 1q �nd all t P R suh that v P V .

Problem 3.

Let ϕ : R3 Ñ R
3
be a linear endomorphism given by the formula

ϕppx1, x2, x3qq “ p3x1 ´ x2, 2x1, 3x1 ´ 3x2 ` 2x3q.

a) �nd the eigenvalues of ϕ and bases of the orresponding eigenspaes,

b) �nd a matrix C P Mp3 ˆ 3;Rq suh that

C´1Mpϕqst
st
C “

»

–

2 0 0

0 1 0

0 0 2

fi

fl .

Problem 4.

Let A “ pp1, 1, 2q, p0, 1, 3q, p1, 0, 0qq, B “ pp1, 2q, p0, 1qq be ordered bases of R
2
. Let

ϕ : R3 Ñ R
2
be a linear transformations given by the matrix

MpϕqBA “

„

2 0 1

´1 1 ´2



,

and let ψ : R2 Ñ R
2
be a linear transformation given by the formula

ψppx1, x2qq “ px1, x1 ` x2q.

a) �nd the formula of ϕ,

b) �nd the matrix Mpψ ˝ ϕqB
A
.



Problem 5.

Consider the following linear programming problem ´x2 ´ 3x3 ` 2x5 Ñ min in the

standard form with onstraints

"

x1 ` 2x2 ` 5x3 ` 7x4 ´ 5x5 “ 9

x1 ` x2 ` 3x3 ` 4x4 ´ 3x5 “ 5
and xi ě 0 for i “ 1, . . . , 5

a) whih of the sets B1 “ t1, 2u, B2 “ t3, 4u, B3 “ t3, 5u are basi? Whih basi

set is basi feasible? Write the orresponding feasible solution.

b) solve the linear programming problem using simplex method.

Questions

Question 1.

Is the matrix A “

„

a2 a

a 2



positive de�nite for all a P R?

Question 2.

If v, w P,R3, v ‰ 0, is the image of vetor w P R
3
under the (linear) orthogonal

symmetry about the line V “ linpvq equal to

SV pwq “ 2
w ¨ v

v ¨ v
v ´ w?

Question 3.

If A P Mp2 ˆ 2;Rq and A`A⊺ “ 0, does it follow that A3 ` pA⊺q3 “ 0?

Question 4.

Is it possible that A,B P Mp2 ˆ 2;Rq, detA ‰ 0, detB ‰ 0 but detpA `Bq “ 0?

Question 5.

Does there exist matrix A P p100ˆ 3;Rq with pairwise di�erent rows suh that the

dimension of the set of all solutions of the equation Ax “ 0 is equal to 1?

Question 6.

Are the a�ne subspaes E, H Ă R
3
given by

E : x1 ` 2x2 ´ 3x3 “ 2,

H “ p1, 2, 1q ` linpp1, 2,´3qq,

perpendiular?


